Ch.8 Proof by Induction

Proof by Induction

Questions
Q1.

() A sequence of numbers is defined by
u; =6, u, =27

Un+2 = 6Un+]_ - QUn n 2 1
Prove by induction that, for neZ~

Un=3"n+1)

(i) Prove by induction that, for neZ~

f(n) = 3312 + 231 s divisible by 19

(Total for question = 12 marks)

Q2.

Prove by mathematical induction that, for 7€ N

n

z: 1 _on
Qr-D2r+1) 2n+1

r=1

(Total for question = 6 marks)
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Q3.

Prove by induction that for all positive integers n
f(”) — 3211—4 oL -_)ln

is divisible by 5

(Total for question = 6 marks)

Q4.

Prove by induction that, for n € Z~
f(n)=2n+2+ 32:n+1

is divisible by 7

(Total for question = 6 marks)

Q5.

(&) Prove by induction that, for all positive integers n,

n ] R
27‘(1'— DR2r+1)= ;n(n +1)(n+2)
r=1 <

(b) Hence, show that, for all positive integers n,
2n

|
Zr(r +1)2r+1)= 771(71 + 1)(an + b)(cn + d)

r=n

where a, b, ¢ and d are integers to be determined.

(Total for question = 9 marks)
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Q6.

(i) Prove by induction that for 7 € Z~
5 -8) (4n+1 -8n
2 =3) | 2»n 1—4n

(i) Prove by induction that for 7 € Z"
f(n) =4n+1+ 52n-1
is divisible by 21

(Total for question = 12 marks)

Q7.

Prove by induction that for all positive integers n,

N

f(n)=23n°l +3( 2n+1)

[i

is divisible by 17

(Total for question = 6 marks)
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Q8.
(a) Prove by induction that for all positive integers n,

n

, 1
Zz" =—nn+1)2n+1)
6

r=1

(b) Use the standard results for r=1  and r=1 to show that for all positive integers n,

n

Z Fr+6)(r—6)= %n(n+ H(n-8)(n+9)

r=1

(c) Hence find the value of n that satisfies

n n

Z r(r+6)(r—6)= 17 Zr:

r=1 r=1

(Total for question = 15 marks)

Q9.
0]
(2 a 4)
M= 1 -1 -1 |
-1 2 -1)

where a is a constant.

(@) For which values of a does the matrix M have an inverse?

Given that M is non-singular,

(b) find M~tinterms of a

(i) Prove by induction that for all positive integers n,

0 \ { 3n O'
i) _|3(3"—1) 1J

(o)}

(¥

(Total for question = 12 marks)
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Mark Scheme — Proof by Induction

Q1.
Question Scheme Marks
Number
Upy= Oy, —%u, . n =1, =6, uy=27; u,=3"(n+1)
1) n=1; %=32)=6 Check thatu, = 6 and u, =27 Bl
n=2; wu,=3*Q2+1)=27
So u,1s true when n=1 and n=2.
Assume that u, = 3°(k+1) and u,, = 3" (k+2) are true. Could assume for
n=kn=k—1and
show for n=k+1
Then u,,, = 6u,., — %,
= 63" (k+2)- 93" )k +1) Substituting u, and u,_, into | M1
Uy = Oty — S,
Correct expression [Al
= 23"k +2)— G )k +1) Achieves an expression in 3*** [M1
= ")k +4-k-1)
= ")k +3)
= 3"k +2+1) Gk +2+1) or 3*)(k+3) |Al
If the result 1s true for » = k and n = k+1 then 1t 1s now true for n = Correct conclusion seen |Al
k+2. Asitis true for n=1and n =2 then it is true for all n (7"). at the end. Condone true |cso
forn=1and n=2seen
ere.
This should be
compatible with
assumptions.
_ [6]
() f(n) = 3"? + 2°"*1 is divisible by 19
In all ways, first M is for applying f(k +1) with at least 1 power correct. The second M is
dependent on at least one accuracy being awarded and making f(k +1) the subject and the
- final A is correct solution only.
(1) | £f(1) =3'+2* =19 {which is divisible by 19}. Shows f(1) =19 | Bl
Way 1
{..f(n) 1s divisible by 19 when n=1 }
{Assume that for n=k,
f(k) =3%2 + 2%*! is divisible by 19 for k € Z*.}
f(k+1) — f(k) = 3ED2 4 P3®D+1_ (332 | H3k+1y Applies f(k+1) with at least 1 power | M1
correct
fk+1) —f(k) = 27(3") + 8(2% 1) — (3% + 2+
f(k+1) - f(k) = 26(3*%) + 72*)
= 73%2 + 2% 1 193% ) Either 7G*7? + 2% Y or 7f(k): 193" %) | AL
or = 26(3¥72 + 2%+ _19(2%) or 26(3%2 + 2%+ or 26f(k);—19(2%*) il
= 7f(k) + 193 %)
or = 26f(k) —19(2¥")
- f(k+1) = 8f (k) +193%*?%) Dependent on at least one of the previous accuracy | dM1
) 1003k marks being awarded.
or f(k+1) = 27£(k) —192") Makes Applies f(k+1) with at least 1 power correct
the subject
{-.f(k+1) =8 (k) +19(3*2) is divisible by 19 as both
8f(k) and 19(3**™?) are both divisible by 19}




Ch.8 Proof by Induction

If the result 1s true for » =k, then 1t 1s now true for n =k +1. Astheresult  Correct conclusion | Al
has shown to be true for n = 1 then the result 1s true for all n (€ Z"). seen at the end. | cso
Condone true for n
= 1 stated earlier.
B [6]
(1) £f(1) =3' +2* =19 {which is divisible by 19}. Shows f(1)=19 | Bl
Way 2 | {..f(#n) 1s divisible by 19 when n=1}
Assume that for n=k,
f(k) = 3%-2 + 2%+1 is divisible by 19 for k € Z*.
f(k+1)= 33¢=D-2 4 p3EMD+1 Applies f(k+1) with at least 1 power | M1
correct
f(k+1) = 27(3%%) + 8(2%*Y)
= 83% 2 + 2%y 4 193 ?) Either 83 + 2%*1) or 8f(k): 193%%) | AL
or = 27(3%7 + 2%+ -19(2**) or  278™ 4+ 2% or 278(R):-192*) | M
- f(k+1) = 8f(k) + 193 ?) Dependent on at least one of the previous | dM1
or £(k +1) = 27£(K) — 19(23“) accuracy marks being awarded.
{-. f(k+1) =8 (k) +19(3*?) is divisible by 19 as
both 8f(k) and 19(3*?) are both divisible by 19}
If the result 1s true for n = k. then 1t 1s now true for n =k + 1. As the result Correct conclusion | Al
has shown to be true for n = 1 then the result is true for all n (€ Z"). seen at the end. | cso
Condone true for n
= 1 stated earlier.
[6]
f(n) =32 + 2°"*! is divisible by 19
@) | £(1) =3"+2* =19 {which is divisible by 19}. Shows f(1)=19 | Bl
Way 3 | {.f(n) is divisible by 19 when n=1 }
Assume that for n=k,
f(k) = 3%2 + 254! {5 divisible by 19 for k € Z*.
f(k+1) — af (k) = 33002 4 30D+l _ (3342 4 oik+]y Applies f(k +1) with at least 1 | M1
power correct
f(k+1) — of (k) = 27— a)(3%2) + (8— )2 !
= 8-a)3*? + 2% +19(3%?) 8-a)(3*? + 2% or 8- a)f(k); 1937 | AL
or = 27-a)(3%? + 2%+ —19(2%) NB choosing o = 8 makes first term disappear. Al
27-a)(3*? + 2 or (27 - )f(k):—19(2%)
NB choosing & = 27 makes first term disappear.
- f(k+1) = 8f(k) + 193 ?) Dependent on at least one of the previous | dM1
% _ k21 accuracy marks being awarded.
or £(k-+1) = 27£(]) =192™") Makes £(k +1) the subject.
{ - f(k+1) = 27f (k) —19(2**1) is divisible by 19 as both 27f(k)
and 19(2**") are both divisible by 19}
If the result is true for » =k, then 1t 1s now true for n =k +1. Astheresult = Correct conclusion | Al
has shown to be true for n = 1 then the result is true for all n (€ 77). seen at the end. | cso
Condone true for n
= 1 stated earlier.
[6]
12
Question Notes
(1) Accept use of f(k) =37 + 2%*! =19m o.e. and award method and accuracy as above.
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Q2.

Question Scheme Marks | AOs
: 1 1 n 1 1
n=1 —31 _ - —_ and = == (true for n=1 5
,77,‘-"”‘-"“ 1x3 3 2ntl Bx141 3\ vl B 4
Assume general statement 1s true for n=k.
So assume > . = x is true. M1 24
TQr-D2r+1)  2k+1
L 1 S 1
= + M1 2:1
o1 @2r=-D@2r+l 2k+1  (Qk+1D(Qk+3)
_ kQk+3)+1 - Tk
QRE+D(2k+3) ’
2k +3k+1 2k +1)(k+1 k+1 k+1
= = ( )( ) = ( ) or Al llb
QRE+DRk+3) QRk+DREk+3) 2k+D+1  2k+3
£+l
As >’ : = D then the general result is true for
T Qr-D@2r+1) 2(k+1)+1
n=k +1 Alcso | 24
As the general result has been shown to be true for » = 1. and true for
n = kimplies true for n = k+ 1, so the result 1s true foralln € ¥
(6)
(6 marks)

Notes

B1

M1

dM1

Al

Al

Substitutes 7 =1 into both sides of the statement to show they are equal. Asa

w 1 v g

minimum expect to see e and ?—1 for the substitutions. (No need to state true
X Z+

for n =1 for this mark.)

Assumes (general result) true for »=k. (Assume (true for) » = k 1s sufficient — note

that this may be recovered in their conclusion if they say e.g. if true for n = k then ..

etc.)

Attempts to add (k+1)th term to their sum of & terms. Must be adding the (i+1)th

term but allow slips with the sum.

Depends on previous M. Combines their two fractions over a correct common

denominator for their fractions. which may be (2k +1)*(2k +3) (allow a slip in the
numerator).

(k+1) k+1

or

2k+1D)+1  2k+3
cso Depends on all except the B mark being scored (but must have an attempt to
show the 7 = 1 case). Demonstrates the expression 1s the correct for n = k + 1 (both
sides must have been seen somewhere) and gives a correct induction statement with

all three underlined statements (or equivalents) seen at some stage dunng their
solution (so true for 7 = 1 may be seen at the start).

Correct algebraic work leading to

(k+1)

For demonstrating the correct expression, accept giving in the form ——————, or
2(k+1D+1

reaching and stating “which 1s the correct form with n =k + 17 or simular —

2k+3
but some indication 1s needed.

Note: if mixed vanables are used 1n working (7's and &'s mixed up) then withhold
the final A.
Note: If n 1s used throughout instead of k allow all marks if earned.
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Q3.

Question Scheme Marks AOs
Way 1 f(k +1) - (k)
Whean=1, 324 22" — 7394 =725 81 | 22
(725=145x5) so the statement is true forn =1
Assume true for n = kso 3**** —2?* is divisible by 5 M1 24
f(k+1)—f(k)=3%0 22 3% L o M1 | 21
either 8f & +5x2 or 3f k +5x3*"* Al | L1b
f k41 =9f k +5x2" or f k+1 =4f k +5x3*" oe. Al | 1.1b
If true for n = k then it is true for Al 24

n=k+1 and as it is true for n = 1, the statement is true for all

(positive integers) n. (Allow ‘for all values’)

(6)
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Way 2 f(k+1)
Whenn=1, 3°"* —2%" =729 -4 =725 A -
(725 =145x 5 )so the statement is true forn =1 '
Assume true for n =k so 3°*"* —2%% s divisible by 5 Ml |24
f(k+1):32|_k+1)+4_22[k+lb(:32k‘6_22k+2) M1 21
7 .1b
f E+1 =9F k +5x2% or T k+1 =4 k +5x3% o, |41 |11
+ +JIX27 or + +JIX 0.e Al 1L1b

If true for » = k then it is true for
n=k+ 1 and as it 1s true for n = 1. the statement is true for all Al 24
(positive integers) »n. (Allow ‘for all values’)

(6)
Wav 3 f(k)=5M
Whenn=1, 37""* —2?" =729 -4 =725 B 5%
(725 =145x%5) so the statement is true forn =1
Assume true for n = kso 32%** — 22k =5)r Ml 2.4
f(]\’+ 1) - 32(k+1)+4 _22|_k+l) (’: a_;2k+6 N 22k+2 ) M1 21
(£(k+1)=3>x3%* —22x 2% =37 x(5M +27%?) - 22 x22k)
f k41 =45M +5x2%* o.e.

Al 1.1b
OR Al 1.1b

(f(k+1)=32X32k+4_22 lek =32 x32k+4_22 x(32k+4_5M))

f k+1 =5x3%" L 20M o.e.

If true for » = k then it is true for
n=k+ 1 and as it 1s true for n = 1. the statement is true for all Al 24
(positive integers) n. (Allow ‘for all values”)

(6)
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Way 4 f(k+1) + f(k)
Whenn=1, 3" —2* =729-4=725 _
(725 =145x%5 )so the statement is true forn =1 '
Assume true for n = kso 32¥** — 22% is divisible by 5 Ml | 24
f(k+1) +£(k)=3%° 272 +320+4 2% Ml | 2.1
f(k+1) +£(k)=32x3%" 22 x2% 4 324 % Al |[LIb
leading to 10x 3%"* — 5% 2%
f k+1 =5[2x3* 2% |- f(k) o.. Al [L1b
If true for » = k then it is true for
n=k+1 and as it is true for n = 1, the statement is true forall | Al 24
(positive integers) n. (Allow ‘for all values®)
(6)
Way 5 f(k +1) — ‘M K&)
(Selecting a value of M that will lead to multiples of 5)
Whenn=1, 3" —2?" =729 -4 =725 . p—
(725 =145x5 )so the statement 1s true forn=1 -
Assume true for n =kso 3*** — 2°* is divisible by 5 M1 24
f(k+1)—"Mf(k)=3"* 22 _'Mx3* 1 Mx2* M1 | 21
f k+1 —"Mf k = 9—'M x3*"_ 4_'M x2* Al 1.1b
fk+1 = 9—"M x3**— 4-M x2* +Mf k oe. Al 1.1b
If true for n = k then it is true for
n=k+ 1 and as it 1s true for n = 1, the statement 1s true for all Al 24
(positive integers) n. (Allow “for all values”)
(6)

(6 marks)
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Notes

Wav 1 f(k+1) - f(k)

B1: Shows the statement 1s true for » = 1. Needs to show f(1) =725 and conclusion true forn =1,
this statement can be recovered in their conclusion if says e.g. true forn =1

M1: Makes an assumption statement that assumes the result is true for n = k. Assume (true for)
n=Fk is sufficient. This mark may be recovered in their conclusion if they say e.g. if true for
n=>Fk then ._etc

M1: Attempts f(k +1) — f(k) or equivalent work

Al: Achieves a correct simplified expression for f(k +1) — f(k)

Al: Achieves a correct expression for f(k +1) in terms of f(k)

Al: Correct complete conclusion. This mark 1s dependent on all previous marks. It 1s gained by
conveying the ideas of all underlined points either at the end of their solution or as a narrative in
their solution.

Wav 2 flk+1)

B1: Shows the statement 1s true for n = 1. Needs to show f(1) =725 and conclusion true forn =1,
this statement can be recovered in their conclusion if says e.g. true forn = 1.

M1: Makes an assumption statement that assumes the result is true for n = k. Assume (true for)
n=Fk is sufficient. This mark may be recovered in their conclusion if they say e.g. if true for
n=>Fk then ._etc

M1: Attempts f(k +1)

A1: Correctly achieves either 9f k or 5x2** oreither4f k or 5x3**

Al: Achieves a correct expression for f(k +1) in terms of f(k)

Al: Correct complete conclusion. This mark is dependent on all previous marks. It is gained by
conveying the ideas of all underlined points either at the end of their solution or as a narrative in
their solution.

Way 3 (k) = SM

B1: Shows the statement 1s true for » = 1. Needs to show f(1) =725 and conclusion true forn =1,
this statement can be recovered in their conclusion if says e.g. true forn=1.

M1: Makes an assumption statement that assumes the result is true for » = k. Assume (true for)
n =k is sufficient. This mark may be recovered in their conclusion if they say e.g. if true for
n=Fk then ._.etc

M1: Attempts f(k +1)

A1l: Correctly achieves either 45M or 5x 2°* or either 20M or 5x 3%

A1: Achieves a correct expression for f(k +1) in terms of M and 2°* or M and 3**'*

Al: Correct complete conclusion. This mark is dependent on all previous marks. It 1s gained by
conveying the ideas of all underlined points either at the end of their solution or as a narrative in
their solution.

Wav 4 f(k+1) + f(k)

B1: Shows the statement 1s true for » = 1. Needs to show f(1) =725 and conclusion true forn =1,
this statement can be recovered in their conclusion if says e.g. true forn =1

M1: Makes an assumption statement that assumes the result is true for n» = k. Assume (true for)

n =k is sufficient. This mark may be recovered in their conclusion if they say e.g. if true for
n=k then ___etc

M1: Attempts f(k +1) + f(k) or equivalent work

Al: Achieves a correct simplified expression for f{k +1) + f(k)

Al: Achieves a correct expression for f £+1 =5 [2 R 22"] —f(k)

Al: Correct complete conclusion. This mark is dependent on all previous marks. It is gained by
conveying the ideas of all underlined points either at the end of their solution or as a narrative in
their solution.
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Way S f(k +1) — Mf(k) (Selects a suitable value for M which leads to divisibility of 5)

B1: Shows the statement is true for n = 1. Needs to show f(1) =725 and conclusion true forn =1,
this statement can be recovered in their conclusion if says e.g. true forn =1

M1: Makes an assumption statement that assumes the result 1s true for » = k. Assume (true for)
n =k is sufficient. This mark may be recovered in their conclusion if they say e g. if true for
n=Fk then .. etc

M1: Attempts f(k +1) — Mf(k) or equivalent work

Al: Achieves a correct simplified expression, f k+1 —'M'f k which 1s divisible by 5

f k+1 —'Mf k = 9—'M x3*"* - 4—'M x2*

A1l: Achieves a correct expression for f k+1 = 9—'M x3** — 4_M x2* +'Mf k
which 1s divisible by 5

Al: Correct complete conclusion. This mark 1s dependent on all previous marks. It 1s gained by

conveying the ideas of all underlined points either at the end of their solution or as a narrative in
their solution.
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Q4.

Question Scheme Marks | AOs
Way 1: f(k+1)—1(k)
When n=1, 2"243" =243 =35 Bl |l
Shows the statement is true for n =1 allow 5(7)
Assume true for n=Fk. so 277 +3%7 is divisible by 7 Ml 24
f(k+l)_f(k)=2k—3_;32k—3_(2k+2 +32k—1) Ml 21
— 2522 1 gy 3 k2 32kl
=2 gted Al | 11b
=f(k)+7x3%*" or 8f (k)—7x 2"
f(k+1)=2f(k)+7x3*" or 9f (k)—7x 2" Al | 11b
If true for n =k then true for n =k +1 and as 1t 1s true for n =1
) = Al 24
the statement 1s true for all (positive integers) n
(6)
Way 2: f(k+1)
rom— R Bl 22a
When n=1. 2" 437" =2"+4+3 =35
So the statement 1s true for n=1
Assume true for n=k. so 27 +3%7 isdivisible by 7 Ml 24
f(k+1)=2""2 4 32005 Ml | 21
£(k+1)=2"3 +3% =2x 2" 4.9 3%
(k42 2k+1) 2 Al 1.1b
=2(2"2 3% )+ 7x3%
(' o s ) : : Al 1.1b
=2f (k)+7x3"or 9f (k) —7x 2"
If true for n =k then true for # =%k +1 and as it 1s true for n =1 Al )4

the statement 1s true for all (positive integers) n

(6)
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Way 3: f(k+1)—mf(k)

2 n+1 3 3 Bl 223
When n=1, 2" 437" =2"+3"=35
So the statement 1s true for n=1
Assume true for n=k. so 272 +3% s divisible by 7 M1 24

f(k+1)—mf(k)=2“'3+32”’3—m(2k‘2+33k‘1) Ml 2.1

+2 2h+ 2 2k+
=2x2"2 193 _px 2¥2 i x 34

2—m) 28 49 3% _ 3%
Al 1.1b
=(2—m)(27? 3% | £ 7537

f(k+1)=(2—m)(252 +3%)+ 7x3* +mf (k) Al | 11b
If true for # =k then true for n =%k +1 and as it 1s true for =1
. N Al 24
the statement 1s true for all (positive integers) n
(6)
(6 marks)

Notes:

Way 1: f(k+1)—1£(k)
B1: Shows that f(1) = 35 and concludes or shows divisible by 7. This may be seen 1n the final
statement.
M1: Makes a statement that assumes the result 1s true for some value of

MI: Attempts f(k+1)—f(k)

Al: Achieves a correct expression for f(k+1)— f(‘k) in terms of f (k)

Al: Reaches a correct expression for f(k+1)in terms of f( k_)

Al: Correct conclusion. This mark is dependent on all previous marks. look out for scoring Bl in
this statement. It 1s gamed by conveying the ideas of all four bold points either at the end of their
solution or as a narrative in their solution.

Way 2: f(k +1)
B1: Shows that f(1) = 35 and concludes divisible by 7
M1: Makes a statement that assumes the result 1s true for some value of n

MI: Attemptsf (k+1)
Al: Correctly obtains either 2f (k)or 7x3™ or either 9f (k) or —7x 2"

Al: Reaches a correct expression for f(k+ 1) in terms of f(k)

Al: Correct conclusion. This mark i1s dependent on all previous marks. It 1s gained by conveying the
1deas of all four bold points either at the end of their solution or as a narrative in their solution.

Way 3: f(k+1)—mf(k)

B1: Shows that f{1) = 35 and concludes divisible by 7
M]1: Makes a statement that assumes the result 1s true for some value of n

MI1: Attempts f (k+1)—mf (k)
Al: Achieves a correct expression for f(k+1)—mf (k)in terms of f (k)
Al: Reaches a correct expression for f(k+1) in terms of f(k)

Al: Correct conclusion. This mark 1s dependent on all previous marks. It 1s gained by conveying the
1deas of all four baold points either at the end of their solution or as a narrative in their solution.




Ch.8 Proof by Induction

Q5.

Question Scheme Marks AOs
= n=1, hs=1(2)(3)=6, ths=2(1)(2)’(3)=6
’ . ‘ 20 Bl 2.2a
(true forn=1)
E
Assume true for n =k so Z,.(,.+1)(2,-+1)=%k(k+l):(k+2) M1 2.4
7=l -
k<1 1 "
D r(r+1)(2r+1) ==k(k+1)’ (k+2)+(k+1)(k+2)(2k+3) | Ml 2.1
r=l 7
1
E(k+1(k+ ) k(k+1)+2(2k+3)] dM1 1.1b
2 1
=—(k+1 )(k+2)[k? +\k+6:|_5 k+1)(k+2)(k+2)(k+3)
Shows that =%(k+l)(k+l+1)"(k+l+2)
Alternatively shows that
E+1
Z (r+1)(2r+1) =:(k+1)(k+1+1) (k+1+2) al 1B
r=l e
1
Z(k+1)(k+2) (k+3)
Compares with the1r summation and concludes true for n =k +1,
may be seen in the conclusion.
If the statement is true for # = k then it has been shown true for
n=k+ 1 and as it is true for n = 1, the statement is true for all Al 2.4
positive integers n.
6
(b) & ) 1., ) 2., 1 )
Zr(r+l)(3r+l)=:(3n)(2n+1) (2n+2)==(n-1)n*(n+1)| Ml 3.1a
—in(n+1)|:4(’n+1)2—n(n—l):] Ml 1.1b
—z 2 g
=%n(n+1)(15nz+17n+4)
I Al 1.1b
=En(n+1)(3n+l)(5n+4)
()

(9 marks)
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Notes

(a) Note ePen B1 M1 M1 Al Al Al
B1: Substitutes n = 1 into both sides to show that they are both equal to 6. (There is no need to
state true for n = 1 for this mark)

M1: Makes a statement that assumes the result is true for some value of n, say k
M1: Adds the (k+ 1)th term to the assumed result

dM1: Dependent on previous M, factorises out %( k+1)(k+2)

Al: Reaches a correct the required expression no errors and shows that this is the correct sum for
n=k+1

Al: Depends on all except B mark being scored (must have been some attempt to show true for »n
= 1). Correct conclusion conveying all the points in bold.

(b)
2n n-1

M1: Realises that Z r(r+1)(2r+1)— Zr(r +1)(2r+1) 1s required and uses the result from
7=l r=l

part (a) to obtain the required sum in terms of »n

MI1: Attempts to factorise by %n (n+1)

A1l: Correct expression or correct values

Q6.
Question Scheme Marks AOs
@ 5 -8Y (5 -8) [4xi+1 -=8(i)) (5 =8
"=1'[2 -3) =[2 -3} [2)(1 1-4(1))=[2 -3) Bl | 22a
So the result 1s true forn =1
Assumetrueforn=kso(5 _th=(4k+l —Sk) M1 24
2 3 2k 1-4k
5 =8Y" [4ksl <BE)(5 -B
{2 -3) =( 2% l—4kJ[2 -3)
or M1 1.1b
5 -8)" (5 -8)(4k+1 -8k
{2 -3) _(2 -3][ 2k l—4k}
4k+1 -8k (5 -8 5(4k+1)-16k -8(4k+1)+24k
[21{ l—4k][2 —3]=[10k+2(1—4k) —16k—3(1—4k)]
or Al 1.1b
5 -8\(4k+1 -8k 5(4k+1)-16k —40k-8(1-4k)
[2 —3)[ 2k 1—4k]=[2(1+4k)—6k —16k—3(1—4k)]
4(k+1)+1 -8(k+1)
=( 2(k+1) 1—4(k+1)] A | =
Iftmeforn=k_tl}en.t111eforn=k+1 true for n = 1 so true for Al 24
all (positive integers) n (Allow “for all values™)
©6)
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(ii) flk+1)-1(k)
Ty _ n+1 2n-1 -
Way 1 Whenn=1, 4 +§ =16+5=21 81 594
so the statement 1s true forn =1
Assume true for n =k so 45 + 5% is divisible by 21 M1 24
f(k+1)_f(k)=4k+2+52k+1_4k—l_52k-1 Mi 5:q
=4x 4" 4 2551 4%l _ 521
=3f(k)+21x5" ore.g. =24f (k)-21x4"" Al 1.1b
f(k+1)=4f(k)+21x5%oreg. f(k+1)=25f(k)-21x4*" Al 1.1b
If true for n = k then true forn =k + 1, true for n =1 so true for Al 54
all (positive integers) n (Allow “for all values™) -
(6)
(ii) filk+1)
Way.2 Whenn=1, 4" +5"1 =16 +5=21 sens || s
so the statement 1s true forn =1 -
Assume true for n =k so 45! + 527 is divisible by 21 M1 24
f(k+1)=4%1" 45500 M1 2.1
f(_k+1)=4><4’“1+53'“1=4><4‘“1+4><5:H+?.5><5ﬂ""1—4><5:k'1 Al 1.1b
f(k+1)=4f(k)+21><53’"l Al 1.1b
If true for n = kthen true forn =k + 1, true for n =1 so true for Al 54
all (positive integers) n (Allow “for all values™) -
(6)
(ii) f(k+ 1) — mf(k)
Way 3 — An+1 <2An-1 o
ay Whenn=1, 4 +5 =16+5=21 B1 e
so the statement 1s true forn =1
Assume true for n =k so 4% + 5% is divisible by 21 M1 24
f(k+1)—mf(k)=4"7+5""—m(4"" +577) M1 21
=(4-m)4™ + 5% —mx 5
e N Al 1.1b
=(4—m)(4*! +57 )+ 21x 5
=(4-m)(4" +5%7 )+ 21x 5% +mf (k) Al 1.1b
If true for n = k then true forn =k + 1, true for n =1 so true for Al 54
all (positive integers) n (Allow “for all values™) =
(6)
(ii) flk)=21M
War4 Whenn=1, 4"+ 51 1645 =21 ,
: B1 22a
so the statement 1s true forn =1
Assume true forn =kso 4! + 5% _21M M1 24
f(k+1) =41 4 5% M1 2.1
L3y = E+l 2k+1 [ 2k-1 2k+1
f(k+1)=4x4" +5% =4(21M - 57) +5 - 1
f(k+1)=84M +21x5™*" Al 11b
If true for n = k then true forn =k + 1, true for n =1 so true for Al 24
all (positive integers) n (Allow “for all values™) -
(6)
(12 marks)
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Notes

@)
B1: Shows that the result holds for » = 1. Must see substitution info the rhs.

% 7 4+1 -8 5 -8
The minimum would be: = ;
2 1-4 2 -3

M1: Makes a statement that assumes the result is true for some value of » (Assume (true for)
n = k 1s sufficient — note that this may be recovered in their conclusion if they say e.g. if true for »n
=k then .__etc)
M1: Sets up a correct multiplication statement either way round
Al: Achieves a correct un-simplified matrix
Al: Reaches a correct simplified matrix with no errors and the correct un-simplified matrix
seen previously. Note that the simplified result may be proved by equivalence.
A1l: Correct conclusion. This mark is dependent on all previous marks apart from the B mark. It 1s
gained by conveying the ideas of all four underlined points either at the end of their solution or
as a narrative in their solution.

(1) Way 1
B1: Shows that f{(1) =21
M1: Makes a statement that assumes the result is true for some value of » (Assume (true for)

n = k 1s sufficient — note that this may be recovered in their conclusion if they say e.g. 1if true for
n=kthen ... etc.)
M1: Attempts f(k + 1) — (k) or equivalent work
Al: Achieves a correct expression for f(k + 1) — f(k) 1n terms of f(k)

Al: Reaches a correct expression for f(k + 1) m terms of f(k)

A1l: Correct conclusion. This mark is dependent on all previous marks apart from the B mark. It 1s
gained by conveying the ideas of all four underlined points either at the end of their solution or
as a narrative in their solution.

Way 2
B1: Shows that f{(1) =21
M1: Makes a statement that assumes the result is true for some value of » (Assume (true for)
n = k 1s sufficient — note that this may be recovered in their conclusion if they say e.g. if true for
n=kthen ... etc.)
MI1: Attempts f(k + 1)
Al: Correctly obtains 4f(k) or 21x st
Al: Reaches a correct expression for f(k + 1) in terms of f(k)
Al: Correct conclusion. This mark is dependent on all previous marks apart from the B mark. If is
gained by conveying the ideas of all four underlined points either at the end of their solution or
as a narrative in their solution.
Way 3
B1: Shows that f(1) =21
M1: Makes a statement that assumes the result is true for some value of n (Assume (true for)
n = k 1s sufficient — note that this may be recovered in their conclusion if they say e.g. 1if true for
n=kthen ... etc))
M1: Attempts f(k + 1) — mf(k)
Al: Achieves a correct expression for f(k + 1) — mf(k) in terms of f(k)
A1l: Reaches a correct expression for f(k + 1) in terms of f(k)
Al: Correct conclusion. This mark is dependent on all previous marks apart from the B mark. It is
gained by conveying the ideas of all four underlined points either at the end of their solution or
as a narrative in their solution.
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Q7.

Way 4
B1: Shows that f(1) =21
M1: Makes a statement that assumes the result is true for some value of » (Assume (true for)
n = k 1s sufficient — note that this may be recovered in their conclusion if they say e.g. if true for
n=kthen ... etc))
M1: Attempts f(k + 1)
A1: Correctly obtains 84M or 21x 5%
Al: Reaches a correct expression for f(k + 1) in terms of M and 5
Al: Correct conclusion. This mark 1s dependent on all previous marks apart from the B mark. If 1s
gained by conveying the ideas of all four underlined points either at the end of their solution or
as a narrative in their solution.

Question Scheme Marks | AOs
When n =1, 2> +3(5")=16+375=391
Bl 2.2a
391 =17 = 23so0 the statement 1s true forn = 1
Assume true for n =kso 2%+ +3( 5% )is divisible by 17 M1 24
f(k+1)—f(k)=2""+3(577) -2 —3(5%) M1 2.1
=7 231’6[ + 7% 3(52k-r1 )+17;x,\3(53k+l)
=7f(k)+17x3(5%*) Al 1.1b
f(k+1)=8f(k)+17x3(5*") Al 1.1b

If the statement is true for » = & then it has been shown true for n
=k + 1 and as it is true for n = 1, the statement 1s true for all Al 24
positive integers 7.

(6)

(6 marks)
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Q8.
Question Scheme Marks | AOs
L 5 1 1
(a) n=1, > r’=1 and gn(n +D)(2n+1)= g(l)(2)(3) =1 Bl 2.2a
r=1
Assume general statement is true for n=k.
E , ,
So assume Zr: = ék(k+l)(2k+ 1) is true. Ml 24
r=1
- y
dri= gk(k+1)(2k+l)+(k+1)‘ M1 2.1
r=1
=%(k+1)(2k3+7k+6) Al 1.1b
1 1
=g(k+l)(k+2)(2k+3) = g(k+l)({k+ B+1)(2{k+1}+1) Al 1.1b
Then the general result is true for n=k+1.
As the general result has been shown to be Al 24
true for n =1, then the general result 1s true for alln € Z".
(6)
(b) Z r(r +6)(r—6) = E (- 36r)
r=1 r=1
1, , 36 M1 2.1
= Zn (n+1) - ?n(n +1) Al L1b
1
=—n(n+1)| n(n+1)—72 M1 1.1b
Z o+ D[ n(n+D)-72]
1
=Zn(n+l)(n—8)(n+9) * ¢s0 Al* 1.1b
)
1 17
(©) Zn(n+l)(n—8)(n+9) =?n(n+1)(2n +1) M1 1.1b
1 17
Z(n—S)(n+9)=?(2n+l) M1 1.1b
3n°—65n-250=0 Al 1.1b
(3n+10)(n—-25)=0 M1 1.1b
(As n must be a positive integer.) n =25 Al 2.3
)

(15 marks)
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Question Notes

(@)

(®)

©

Bl
M1
Ml

Al

Al
Al
M1
Al
M1

Al*

Ml

M1

Al
Ml
Al

Checks n =1 works for both sides of the general statement.

Assumes (general result) true for n=k.
Attempts to add (k+ 1)th term to the sum of k terms.

Correct algebraic work leading to either %(k +1)(2k* + 7k +6)
or é(k +2)(2k* +5k +3) or %(21\—. +3)(k* +3k+2)

Correct algebraic work leading to %(k +D)({k+1}+1)(2{k+1}+1)
cso leading to a correct induction statement conveying all three underlined points.
Substitutes at least one of the standard formulae into their expanded expression.

Correct expression.
Depends on previous M mark. Attempt to factorise at least n(n+ 1)having used
both standard formulae correctly.

|
Obtains Zn(n +1)(n—8)(n+9) by cso.

-
Sets their part (a) answer equal to 1?n(n +1)(2n+1)

Cancels out n(n+ 1) from both sides of their equation.

3’ —65n—250=0
A valid method for solving a 3 term quadratic equation.
Only one solution of n=25
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Q9.
Question Scheme Marks | AOs
(@) M|=2(1+2)-a(-1-1)+4(2-1)=0=a=.. M1 | 23
The matrix M has an inverse when @ #—5 Al 1.1b
(2)
(b) 3 -2 1
Minors: | —a—S8 2 a+4
4-a -6 —-2-a,
or Bl 1.1b
3 2 1
Cofactors: | a+8 2 —a-—-4
4—a 6 —-2-a
M = adj(M) Ml | Lib
M '
% 8 4 2 correct rows or columns. Alf[ 1 lb
2 0 = *~a@ | | Follow through their detM. '
M™ = 2 2 6
2a+10
a i gl =Big Hieotsess Al | L1b
Follow through their detM.
4
'3 0 3 0 (3 0
Whenn=1, lhs= ,ths = i =
(i) 6 1 3(3-1) 1) 6 1 Bl |22a
So the statement 1s true forn =1
3 o) 3* 0
Assume true for n =k so = g M1 24
6 1 3(3-1) 1
3 Y 3 0)(3 o]
= Ml 2:1
6 1 3(3*-1) 1)\6 1
3x3* 0
= : Al | 11b
3x3(3" -1)+6 1
3kt 0
= Al 1.1b
3(3*'-1) 1
If the statement 1s true for » = k then it has been shown true forn =k
+ 1 and as 1t 1s true for » = 1, the statement 1s true for all positive Al 24
integers n.
(6)

(12 marks)
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Notes:

()

M1: Attempts determinant. equates to zero and attempts to solve for a in order to establish the restriction for

a
Al: Provides the correct condition for @ if M has an mverse

()(b)

B1: A correct matnix of nunors or cofactors

MI1: For a complete method for the inverse

Alft: Two correct rows following through their determinant
Alft: Fully correct inverse following through their determinant

(ii)

B1: Shows the statement is true forn =1

M1: Assumes the statement is true forn =k
M1: Attempts to multiply the correct matrices
A1l: Correct matrix in terms of £

A1l: Correct matrix in terms of £ + 1

Al: Correct complete conclusion






